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Abstract 

In this paper we have shown without assuming the four color theorem 
of planar graphs that every (bridgeless) cubic planar graph has a three- 
edge-coloring. This is an old-conjecture due to Tait in the squeal of efforts 
in settling the four-color conjecture at the end of the 19th century. We 
have also shown the applicability of our method to another well-known 
three edge-coloring conjecture on cubic graphs. Namely Tutte's conjecture 
that "every 2-connected cubic graph with no Petersen minor is 3-edge col- 
orable" . Hence the conclusion of this paper implies another non-computer 
proof of the four color theorem by using spiral-chains in different context. 



To the memory of W. T. Tutte 

1 Introduction 

Assuming the four color theorem (4CT) it is easy to show that every cubic 
(bridgeless) planar graph has a three-edge-coloring since Tait found an equiv- 
alent formulation of the 4CT in terms of 3-edge-coloring. 1 . This is an old- 
conjecture due to Tait in the squeal of efforts in settling the four-color conjec- 
ture at the end of the 19th century. In this paper we have given an independent 
proof of this famous conjecture. Again as we have recently introduced the new 
concept "spiral chains" in maximal planar graphs in the new non-computer 
proof of the four color theorem, we continue the use of spiral chains in the cubic 
plane graph for its three-edge-coloring [15]. Note that there are other equivalent 
formulation of 4CT in terms of three edge-coloring of the pairs of binary trees 
[4]. [5]. We have first shown that any cubic planar graph can be decomposed 
into vertex disjoint spiral chains which in turn expressed as the union of folded? 

1 Assume that the regions of a cubic planar graphs colored properly by red (R), blue (B), 
green (G) and yellow (Y) colors. Then if two neighbor regions are colored by RG or GY then 
color its boarder (edge in the cubic graph) by G, if two neighbor regions are colored by RG 
or BY then color it boarded by R and if two neighbor regions are colored by RY or BG then 
color its boarder by B. Then the theorem follows. 

2 Some of the edges are called "hairs" used twice, where hair-edge is the edge of the comb- 
catcrpillar other than the backbone-edge (an edge having two ends degree three). 
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special spiral caterpillar (spiral-combs). Then based on the spiral-comb (s) de- 
composition we have provided a simple three-edge-coloring algorithm for any 
given cubic planar graph. In the second part of the paper we will show that 
the same method can also be applied to a similar but more general three-edge 
cubic graph (non-planar) coloring conjecture of Tutte which has been recently 
settled by a series lengthy papers using the classical four color theorem proof 
technique. That is 

Conjecture 1 Every 2- connected cubic graph with no Petersen minor is 3- edge 
colorable. 

This extends the four color theorem as Tait showed that the four color the- 
orem is equivalent to the statement that every planar 2-connected cubic graph 
is 3-edge colorable. It also implies that certain non-planar graphs are 3-edge 
colorable. Let us say that G is apex if G\v is planar for some v and G is 
doublecross if it can be drawn in the plane with crossings, but with atmost 
two crossings and with all the crossings on the boundary of the finite region. 
Both apex and doublecross graphs have no Petersen minor so Tuttc's conjecture 
implies: 

Conjecture 2 (EST) (1) Every 2-connected apex cubic graph is 3-edge col- 
orable and (2) every 2-connected doublecross cubic graph is 3-edge colorable. 

The above conjecture is the outcome of joint efforts of Robertson, Seymour 
and Thomas (RST) [6,7,8] and it appears that excluding Roberstson, Sanders 
joins in the team for edge 3-coloring of cubic apex and doublecross graphs [9,10]. 

Tutte and RST equivalences has been shown in [6] that " a minimum counter- 
example" mean a 2-connected cubic graph G with no Petersen minor which is 
not 3-edge colorable, with |V(G)| minimum. That is every minimum counter- 
example is either apex or doublecross. Eventually Tutte's conjecture has been 
settled by a series of papers [6]- [10] by using the classical proof method of the 
four color theorem [12], [13], [14]. The concept of spiral chain has been introduced 
by the author for an non-computer proof of the four-color theorem in 2004 [15]. 
We have applied spiral-chain coloring technique to the maximal planar graphs 
and we will use it the same for cubic planar and almost planar (apex and 
doublecross) cubic graphs. Therefore the main aim of this paper is to give an 
independent proof of the famous Tait's conjecture for bridgeless cubic planar 
graphs by using spiral-chain edge-coloring and then to show that it would be 
possible to extend it to the proof of conjecture RST. Hence to the proof of 
Conjecture 1. 
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2 Spiral-chains in cubic graphs 



Throughout the paper the numbers 1,2,3 attached on the edges of a graph 
correspond, respectively to the colors (R)cd, (O)range and (G)reen 3 . That is 
C = {R,0,G} = {1,2,3}. Let G — Go be a 2-connected (bridgeless) cubic 
planar graph drawn in the plane without crossings. Let B be denote its outer- 
boundary cycle consist of vertices vi, V2, Vk, k > 3. Without loss of general- 
ity select the edges starting from vertex trends at vertex v k in the clockwise- 
direction (or anti-clockwise-direction) in the plane. That is we have selected the 
path from vertex v\ to Vk on the B. We can do this always by selecting unused 
right-most edge in the plane, that is if the vertex Vi is in the spiral S then Vi+i 
will be in the S only if (vi,Vi+±) is the right-most edge incident at Vi. Delete 
these selected vertices Vi,V2, ■■■Vk from the boundary cycle of Go and obtain the 
subgraph G\ = Gq\{v\, V2, Vk}- Note that we have not selected the edge 
(vk,vi) since (vk,vi) U P(v\, Vk) is the outer-boundary cycle of Go- Then con- 
tinue in this way for the other (inner) vertices on the outer-boundary vertices 
of the subgraph G\, that is select the edge (vk,Vk+i), where v k <E V(Gq) and 
Vk+i S V{G\) and the outer-boundary vertices Vk+i,Vk+2, ■■■,Vk+ P of G\ in the 
clockwise direction and delete them form G\ and the repeat the same process 
for G2 = G\\{vk+i,Vk+2, Vk+p}- Let us assume that repeatation of this spi- 
rally selection of the vertices results an empty graph at stage s. Now union of 
deleted vertices of Go, Gi, G2, G s -i forum the spiral-chain S of G.We may de- 
scribe spiral-chain S in terms of consecutive edges between the deleted edges as 
{ei,e 2 ,e 3 , e fe _i} U (e fe ) U {e k +i, e k+2 , e fe+p _i} U where e k = (ufc_i,Ufc+i) 
is the edge connecting two spiral segments of Go and Gi. Not all 2-connected 
cubic planar graphs are hamiltonian, see for example famous Tutte graph in 
Fig. 2. Otherwise the proof of Tait's conjecture would be immediately obtained 
by coloring hamiltonian cycle with colors 1 and 2 and coloring other edges with 
color 3. But deciding whether a cubic planar graph has an hamiltonian cycle 
or not is not an easy task. Therefore on Tait coloring of cubic planar graphs 
hamiltonicity is not our primary concern. On the other hand a 2-connected 
cubic planar graph may have a hamiltonian cycle but have several spiral chains 
(see Fig. 1 and 5). Edge coloring of these figures will be explained later. 

Let T be tree with n vertices. Base tree of T is obtained by removing 
end-vertices of T. A tree T is called caterpillar if its base tree is a path. We 
will use in our spiral-chain edge-coloring a special caterpillar called comb-tree: 

Definition 3 Comb tree T c is a caterpillar in which all vertex degrees are 3 or 
1. 



3 These selection of colors may be further informational in the description of spiral-chain 
edge coloring in the cubic graph when they are viewed as the colors of the "traffic lights". 
That is Red for STOP, Orange for READY and Green for GO. 
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Figure 1: (a) Coloring by the use of an hamiltonian cycle, (b) spiral-chain edge- 
coloring 
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We will be investigating 3-edge coloring of 2-connected cubic planar graphs 
under two classes of cubic planar graphs since the "triangles" (cycle of length 
three) are the main issue in the uniqueness of the three colorings in planar 
graphs. For example T. Fowler and R. Thomas have settled a conjecture of 
Fiorini and Wilson, and Fisk about uniquely colorable planar graphs e.g., 

Theorem 4 A 3-regular planar graph has a unique edge 3-coloring if and only it 
can be obtained from the complete graph on four vertices by repeatedly replacing 
vertices by triangles. 

We will return to the uniquely edge 3-coloring planar graphs from the point- 
view of spiral-chain coloring. 

3 Spiral-chain edge three-coloring 

3.1 Triangle-free cubic bridgeless planar graphs 

Let us start with a result on three edge-coloring of cubic planar graphs with 
triangles. 

Theorem 5 Three edge-coloring of a cubic planar graph G A with triangles can 
be obtained from three edge-coloring of a triangle-free cubic bridgeless planar 
graph G . 

Proof. Let G A be denote a cubic (bridgeless) planar graph. Then G A can 
only contains (a) vertex disjoint triangles, (b) two triangles with only one edge 
common, call it twin-triangle and (c) if it contains three mutually adjacent tri- 
angles then G A = K 4 . Assume that all triangle- free cubic planar graphs have 
been three edge-colored. Consider any cubic graph G A which contains an tri- 
angle C3 without an common edge with another triangle. That is let V(C 3 ) = 
{vi,v 2 ,v 3 } and E(C 3 ) — {(vi, v 2 ), (v 2 , v 3 ), (v 3 , Vi)}. G A must have also vertices 
v 4 , v 5 ,t> 6 such that (1)1,114) , (v 2 ,v 5 ) , (v 3 , v e ) e E(G A ) where V4 ^ v 5 ^ v%. Let 
C = {i,j,k},i i= j i= k be the set of the three colors, i.e., k e {1,2,3}. In 
any proper edge-coloring of G A the subgraph formed by the triangle C3 together 
with the edges (1)1,1)4,) , (v 2l v§) , (t>3,i>6) must have an unique edge-coloring as 
shown in Fig. 2(a). Since the colors of the edges (vi,v<i) , (v 2 ,vs) , («3,«6) are 
i, j, k we can shrink the triangle C3 into a vertex u\ and obtain a new cubic graph 
(see also Fig. 2(a)). We repeat this process for every triangle till we arrive to 
a cubic-graph without distinct triangles. Order the new vertices so created as 
Mi, u 2 , Uk- If G A contains twin-triangle then it must have vertices v\, v 2 , v$, ttj 
and edges (vi, v 2 ), (v 2 , v 3 ), (v 2 , V4), (vi, v 3 ), (v 3 , u 4 ) and two more edges (^1,^5) 
and (v4,V6) to make vertex degrees of the twin-triangle all three. Now all pos- 
sible three edge-coloring of the subgraph has been shown in Fig. 2(b). Note 
that we have v$ ^= v$ otherwise it implies a bridge in G A . Since the color of 
the edges (^1,^5) and {v4,v§) is i e {1,2,3} we delete the twin-triangle from 
G A and join z> 5 and vq with an new edge e\ = {v^,vq) to obtain another possi- 
bly triangle free cubic planar graph. If not we repeat the above processes for 
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Figure 2: Deletion of triangles from cubic planar graphs. 



each twin-triangles in G A till we get an triangle-free cubic planar graph G. Let 
ei,e2,...,e q be set of new edges inserted during the deletion of twin-triangles. 
Since we have assumed that G is a three edge-colorable we start from a coloring 
of G and re-insert all the deleted triangles for each m £ V(G), i = 1, 2, k and 
twin-triangles for each e» £ E(G),i = 1, 2, g back into G but this time with 
suitable edge-colors based on the coloring of G and the cases in Fig. 2. Hence 
we have obtained three edge-coloring of G A . Note that K4 is an isolate case and 
is shown in Fig. 2(c). ■ 

3.2 Uniquely 3-edge colorable planar graphs 

Characterization of uniquely 3-edge colorable graphs have been given by Towler 
and Thomas. Since these cubic planar graphs can only be obtained from the 
complete graph on four vertices by repeatedly replacing vertices by triangles, we 
note that they are hamiltonian and admit a very simple unique 3— edge coloring 
e.g., consider the coloring of Fig. 2(a). Let G u be an uniquely 3-edge colorable 
graph. Let the vertices {yi, Vj, Vk) induce an triangle in G u and let C = {1, 2, 3}. 
We say the edge colors of an triangle is positive " +" if the colors of the edges 
(vi, Vj), (vj,Vk), {vk,Vi) respectively are 1, 2, 3 and negative "-" if the colors of 
its edges respectively are 2, 1, 3. That is in a positively signed triangle, numbers 
corresponding colors are rotated in clockwise direction while negatively signed 
triangle numbers are rotated in anti-clockwise direction (see Fig. 5). We also 
say that a vertex v in G u is mature if it is on the corner of an triangle otherwise 
we call immature vertex. If all vertices of G u are mature we say the graph is 
complete and denote it by K u , i.e., complete with respect to the number of 
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triangles. For example the cubic graph shown in Fig. 5 is a complete graph on 
six triangles. Some properties of G u are: 

- Except K4 (complete graph with four vertices), for any cubic graph G u no 
two triangles have a common edge. 

Let S be a spiral-chain in G u . For an 3-edge coloring of G u the sign of 
all triangles incident to outer-boundary cycle have the same polarity, say all are 
+ . Furthermore because of the character of the construction of uniquely 3-edge 
colorable graphs they constitute shell-structure (known also anti-matroids) of 
triangles in the graph and triangles in the consecutive shells must be labeled 
with opposite signs. For example in Fig. 5 all triangles labeled with positive 
signs arc the triangles in the outer shell and neighbor shell triangles are labeled 
with negative signs. Since spiral-chains are shelling structure [15], we can use 
this property when we color the edges of G u . That is we can extract the sign of 
the triangle from the knowledge of the location of the edge in the spiral chain 
and from the sign of the previous triangle when we meet one along the edges 
of the spiral chain. We omit details of the spiral-chain coloring algorithm for 
3-edge uniquely colorable graphs since the algorithm given in the next section 
may as well be applied for this class of cubic planar graphs. 

3.3 Spiral-chain edge-coloring 

In this section we will give an three edge-coloring algorithm which uses spiral 
chains of the given cubic bridgeless planar graph. Let C = {R,0,G}. In the 
figures we use numbersl, 2, 3 on the edges instead of letters to avoid confusion. 
Let S be denote a spiral-chain of G. As we go through the vertices of S we 
construct a path P s with vertices vi, V2, Vk and assume that | V(P) \ = \ 
V(G) I, i.e., k — n. We will investigate cubic graphs with several spiral-chains 
later. Edges incident to P s together with the edges E(P S ) of the path constitute 
a comb -caterpillar tree C S (V S , E s ), where V s = {vi, V2, ■•-,%} and E s — E(P S ) U 
{E(P S ) : {vi,Vj} I Vi,Vj G V(P S ) and d(vi,Vj) > 2}. An edge b of the C s is 
called the backbone-edge if b £ E(P S ) and is called the hair-edge h if h € E(P S ) 
. It is clear that C s = G but some of the edges of E(P S ) are counted twice since 
any hair-edge of C s has two ends in the spir al-chai n S. Again as we go through 
the edges of S we call that hair edge h £ E(P S ) is real if it is encountered 
for the first-time and imaginary if it is encountered for the second-time. In 
the figures all the real-hair edges have been shown in straight-lines while the 
imaginary-hair edges are shown with dashcd-lines. The importance of the real 
and imaginary hairs will be clearer when deciding the color of the current edge 
in the spiral chain. We have classify the colors into two classes. The color green 
G is called as the " primary" color while the colors orange O and red R are called 
the "secondary" colors. In the coloring algorithm given below primary color G 
is used mostly for the spiral-chain backbone edges and the secondary colors O 
and R are used mostly for the hair-edges. 

Algorithm A. Spiral-chain edge-coloring (for single spiral-chain) 
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Let the cubic planar graph G be drawn in plane without any crossings. As 
the first step construct in clockwise direction a spiral-chain S of G starting from 
a vertex v\ of its outer-boundary cycle. Let C s be the corresponding comb of 
S. Start coloring the edges of the backbone edges of C s alternatingly by green 
and orange colors i.e., (G, 0)-chain and the hair edges of C s by the red R color. 
If all vertices of S is covered and edges incident to vertices are properly colored 
by G, O, and R then the coloring is the desired proper three edge-coloring. 

a) If for some backbone edge ej = (vi,Vi-i) is forced to be colored by R 
because of the color (it must be orange O since G is primary color) of the hair 
hi-i at Vi-i. Furthermore if the hair hi had been colored by R before then 
both ej and hi would be R. In this case there must be a vertex Vj, with j > i 
and a spiral sub-path P(v r ,v s ), with s > r < j > i. But the path P(vi,Vj) = 
(t>i, v r ) UP(« r , v s ) U (v s , vj) is a (R, O)— Kcmpe chain, where (vi, v r ) and (v s , Vj) 
are the hair-edges. Therefore we perform Kcmpe-chain color switching for the 
edges of P{v%, Vj) and resolves the problem at vertex v%. 

a) If for some backbone edge e, = (v»,i>i-i) is forced to be colored by O 
because of the color of the hair hi-i at Furthermore if the hair hi had been 
colored by O before then both e, and hi would be O. In this case there must be 
a vertex Vj, with j > i and a spiral sub-path P(v r , v s ), with s > r < j > i. But 
the path P(vi, Vj) = (vi,v r )UP(v r , v s )U(v s ,Vj) is a (O, G)— Kempe chain, where 
(vi,v r ) and (v s ,Vj) are the hair-edges. Therefore we perform Kempe-chain color 
switching for the edges of P(vi,Vj) and resolves the problem at vertex Uj. 

That is in critical cases we have always suitable Kempe-chain with both 
ends are hairs of the spiral comb-tree. Hence we can perform Kcmpe-chain 
color switching within the spiral-chain of G when we needed to resolve color 
duplication at vertex Vi. 

Fig. 1(b) and Fig. 3(b) illustrate the spiral-chain edge-coloring algorithm. 

Algorithm A can be easily modified to cubic planar graphs having more than 
one spiral chains. In this case if the current vertex, say v a of spiral-chain Si 
adjacent to two vertices Vb,v c that have already been contained in Si before 
or in some other spiral-chain Sj,j < i then we cannot go further. Hence we 
select closest new vertex incident Sk,k = 1,2, and start new spiral-chain 
Si+i from that vertex. When all vertices of G covered we obtain vertex disjoint 
set of spiral-chains Si, S2, S m . Note that some of spiral-chains degenerate 
to a single vertex. One can easily notice that spiral-chains Si, S2, Sm are 
topologically nested in the plane. See for example spiral-chains in Fig. 5 and 6. 
Now we ready to give spiral-chain edge-coloring algorithm for this case: 

Algorithm B. Spiral-chain edge-coloring (for multiple spiral-chains). 

Let Si, S2, S m be the set of spiral-chains of the cubic planar graph. Apply 
Algorithm A to each spiral-chain Si, i = 1,2, m. Note that for each applica- 
tion of Algorithm A we select always the color "green" G as the primary color. 
This selection would minimize execution of number of the steps (a) and (b) in 
Algorithm A. That is it will color in green, maximum number of the backbone 
edges in the spiral-chains. 
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Figure 3: (a) Spiral-chain and spiral-cut, (b) and its spiral three edge-coloring. 
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Figure 4: Spiral comb tree in the coloring algorithm. 
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4 Tutte's three edge-coloring conjecture 



The main idea of this section is to show that possible cubic graph minimal 
counter-examples in Conjecture 2 (RST) can be three edge-colorable by using 
spiral-chain edge coloring algorithm that has been given in the previous section. 
In other words the contribution of this section is a finishing touch to the deep 
result of Robertson, Seymour and Thomas [6] that the only possible minimal 
counter-examples to Tutte's conjecture (Conjecture 1) would be apex and dou- 
blecross cubic non-planar graphs. We only need to give a suitable modification 
in the construction of spiral chains since the possible counter-examples are spe- 
cific non-planar cubic graphs i.e., apex and doublecross. Let G a d denote apex 
or doublecross cubic graph. 

Let us note the following observation: 

In the previous section we have agreed that spiral-chains in the cubic planar 
graphs are rotated in the clockwise or anti-clockwise. One of the reason of this 
is to not loss our way in the edge-coloring algorithm in the cubic planar graph 
and ordering the spiral-chains in an nested fashion. In any cubic non-planar 
graph Gad planarity are destroyed either by a special vertex or two crossings 
of a pair of edges within the same face. Suppose we start construction of the 
spiral-chain in clockwise direction in G a d we see that for each edge-crossing the 
direction of spiral-chain is switched from clockwise to anti-clockwise and vice 
versa. Therefore spiral-chain edge-coloring algorithm described in the previous 
section can be applied without any difficulty to the graph G a d- 

For example illustration of apex and doublecross graphs are taken from [11] 
and have been shown with the spiral-chain edge colorings. 

5 Conclusion 

In this paper we have shown the effectiveness of spiral-chain coloring in the 
proofs of the well-known Tait's and Tutte's three edge-coloring of cubic graphs. 
With this result we have also given in a way the proof of the four color theorem 
in two-ways either by using spiral-chain vertex-coloring in the maximal planar 
or by using spiral-chain edge-coloring for bridgless cubic planar graphs. We 
hope to announce similar results in an near future for the Steinberg's vertex 
three-coloring conjecture of planar graphs and for the Hadwiger's conjecture 
which is a generalization of the four color problem. 
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Figure 5: Spiral-chain coloring of an uniquely edge 3-colorable cubic graph. 



Figure 6: Spiral-chain coloring of the Tutte graph. 
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Figure 7: An apex and its spiral-chain coloring. 



Figure 8: A doublecross and its spiral-chain coloring. 
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STEP 2: (Spira -chain coloring) 



1 

o 



3 4 5 



y> direction of the spiral-chain edge-coloring 

1 6 2 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 



l 
I 

I 



o o o 



Spiral-Cut 



19 



o 



l 
l 
l 
r 
i 
i 



i 
i 

— - 

i 



i 
i 

— 

i 



i 
i 

.... 

i 



o o o 



o o 



o o 



o 



I 
I 
I 
1 
I 
I 



I I 

I I 

I t 

I I 

I I 



o 



I I I I 
11,1 

ft ft 

I I I I 

I I • I 



2 10 13 3 16 3 18 20 21 4 22 23 5 24 25 6 26 7 26 8 9 11 12 14 15 17 



o 



Edge encountered first-time } : Green is the primary color 

Edge encountered second-time ' } : Red and orange are the secondary colors 



